We solve the Einstein equations in higher dimensions with warped geometry where an extra dimension is assumed to have orbifold symmetry, S 1 /Z 2 . The setup we consider here is an extension to (5 + D)-dimensions of the 5-dimensional Randall-Sundrum model, and two hidden brane and observable brane are fixed on orbifold. Anisotropic cosmological constant on each brane with (4+D)-dimensional spacetime is assumed, and the warped metric of 4-dimensions is generally different from one of extra D-dimensions. It is pointed out that the form of metric depends on both the sign of bulk cosmological constant and initial condition of brane world. Furthermore, anisotropic cosmological constant on each brane can be realized due to the presence of brane.
Introduction
Motivated by the Hořava-Witten model in 11-dimensional theory, M-theory, compactified on the orbifold S 1 /Z 2 , many scenarios have been proposed using the notion that there are two branes which represent the boundaries of higher dimensional spacetime [1] . Subsequently, there is a growing interest among particle physicists and cosmologists toward models with extra dimensions. These recent developments are based on the idea that ordinary matter fields could be confined to a 3-brane world embedded in a higher dimensional space.
Adopting this idea further, there are several proposals which try to relate the scale of observable world with the fundamental higher dimensional Planck scale. In the first model proposed by N. Arkani-Hamed, S. Dimopoulos and G. Dvali [2] , the fundamental scale M * can be related to the usual 4-dimensional Planck scale M p via a volume factor, M 2 p = M n+2 * R n , where R n is the volume of the compact space and n is number of extra dimensions. If R is sufficiently large, M * can be as low as 1T eV scale, thus giving a possible solution to explain the gauge hierarchy problem. In the second proposal [4] [5] , Randall and Sundrum have presented a static solution to the classical five dimensional Einstein equations with warped metric (factor), which is an exponential scaling of the metric along fifth dimension compactified on S 1 /Z 2 orbifold provided that the bulk has a negative cosmological constant (AdS space). This solution appeals to the possibility of a curved extra dimension limited by two 3-branes with opposite tensions, and providing an alternative explanation to the hierarchy problem due to warped factor in the case where the observable brane is the one with the negative tension. Both approaches assume that the standard model particles are confined to a 3-brane embedding in higher dimensional spacetime, and gravity exists in the bulk.
An important question concerning these kinds of model is to check whether standard 4dimensional gravity is reproduced on the brane. In Randall-Sundrum model, even if fifth dimension is uncompactified, it is shown that usual gravity is recovered because of the existence of massless gravitons trapped in the brane [4] . Further, another question is that the stabilization mechanism for size of extra dimensions is yet unknown. Introducing bulk scalar field with interactions with the branes, several mechanisms are proposed [8] . On the other hand, the possibility that there exists extra dimensions allows for a lot of phenomenology including the production of Kaluza-Klein excitations of graviton at future colliders or their detection in high precision measurements at low energies.
The static Randall-Sundrum solution has been extended to time dependent solutions and their cosmological properties have been extensively studied [7] . In the framework of brane world cosmology, the serious problem emphasized recently is an unusual form of the Friedmann equations for the case of one extra dimension which leads to a particular behavior of the Hubble parameter for the matter on the brane. In particular, the Hubble parameter H is proportional to the energy density on the brane instead of the familiar dependence H ∼ √ ρ.
The purpose of this paper is to extend 5-dimensional Randall-Sundrum model to higher dimensional case. Since original Randall-Sundrum model is inspired by superstring theory or M-theory, the version of higher dimensions is rather natural motivation. On the other hand, we are interested in whether anisotropic cosmological constant on the higher dimensional brane is established or not. We study the metric of (5 + D)-dimensional Randall-Sundrum model, where (5 + D)-dimensions are composed of (4 + D)-dimensional spacetime and a dimension compactified on S 1 /Z 2 orbifold, |y| ≤ L. Two (3 + D)-branes at y = 0 and y = L are fixed, and the observable brane we live in is supposed to be the brane at y = L and hidden brane at y = 0. As for the metric, the scenario which 4-dimensional warped metric a(y) is equal to extra D-dimensional warped metric c(y) have been discussed [9] . In this paper, however, we consider that a(y) is generally different from c(y). Furthermore, assuming that the anisotropic cosmological constant in (4 + D)-dimensions is composed of cosmological constant in 4-dimensional spacetime and one in extra D-dimensional space. Based on the above assumptions, we solve the (5 + D)-dimensional Einstein equation with bulk cosmological constant, and study the form of a(y) and c(y) explicitly. Moreover, the relations between cosmological constant in 4-dimensions and one in extra D-dimensions can be derived.
This paper is organized as follows. In the section 2, the setup considered here is described and general Einstein equation with time-dependence are concretely expressed. We give the Friedmann-type equation (higher dimensional cosmology) on the brane. In the section 3, we solve the static (5 + D)-dimensional Randall-Sundrum model with bulk cosmological constant Λ. For Λ < 0, Λ > 0 and Λ = 0, (4 + D)-dimensional metric can be obtained, and it is shown that anisotropic cosmological constant on the brane is established. The summary and discussion are given in the final section.
The Setup
We consider higher dimensional spacetime with an orbifold extra dimension. This setup is an extended model of Randall-Sundrum cosmology to be 5-dimensional theory with warped metric. The two branes of (3 + D)-dimensions embedding in (5 + D)-dimensional spacetime are located at y = 0 and at y = L, where y-directions is compactified on S 1 /Z 2 orbifold. This (5 + D)-dimensional model is described by the action in bulk,
where 1/κ 2 is the fundamental gravitational scale of model, Λ is a bulk cosmological constant, To solve Einstein equations, the metric ansatz can be written in the following form
where A, B = 0, · · · , 4+D. We shall use the notation {x µ } with µ = 0, · · · , 3 for the coordinates on 4-dimensional spacetime {t, x}, x 4 = y for an coordinate on orbifold compactification, and {x a } with a = 5, · · · , D + 4 for ones on extra D-dimensional space {z 1 , · · · , z D }. The Einstein tensor corresponds to
where R AB and R represent the Ricci tensor and scalar curvature, respectively. For each component, Einstein tensors are written as
where i = 1, 2, 3 and a = 5, · · · , D + 4. Here primes (dots) denote the derivative with respect to y (t). The Einstein equation is given by G AB = κ 2 T AB , where T AB is the energy-momentum tensor. It is assumed that there are contributions to T AB from the bulk and the branes,
From the bulk, we have
where Λ is cosmological constant in the bulk, and from branes
Here index 1 and 2 denotes the brane at y = 0 and at y = L, respectively. While V , ρ and p are cosmological constant, the density and pressure of the matter on each brane. The subscript * corresponds to quantities in extra D-dimensional space. It is assumed that the distribution of cosmological constant and matter on brane with (4 + D)-dimensional spacetime is anisotropy, namely, the distribution in 4-dimensional spacetime is different from one in extra D-dimensional space. With the metric ansatz Eqn. (2), we can write the Einstein equation for each component. The (0, 0) component is given by
for the (4, 4) component we get
the (a, a) component takes the form
and (0, 4) component is written as
The functions a, n and c are continuous at the brane, but their derivatives with respect to y are discontinuous due to the presence of brane. By matching the coefficients of the delta functions, the (0, 0) and (i, i) and (a, a) components of Einstein equation lead to the jump condition in the first derivative of function. In order to derive jump conditions a, n and c, we define the following function [7] ,
for arbitrary function f . From Eqns. (12), (13) and (15), the integration over y ∈ (0−, 0+) yields
Let n 0 = n(t, 0), a 0 = a(t, 0), b 0 = b(t, 0) and c 0 = c(t, 0). Thus the jump conditions for n, a and c are given by
It is noted that the above jump conditions at y = 0 depend on the cosmological constant, density and the pressure on the brane as well as the number of extra dimensions.
Using the above jump conditions, Eqn. (14) lead to the energy conservation on the brane at y = 0,ρ
Setting to D = 0, above equation becomes energy conservation of conventional standard cosmology. Next, in order to derive the cosmological evolution equation, we define the average for arbitrary function as follows [7] ,
Taking the average of (4, 4) component, we can obtain the Friedmann-type equation on the brane at y = 0
Imposing the orbifold symmetry y ∼ −y, then {f ′ } = 0, we can drop all terms involving the average in Eqn.(22). We have also fixed time in such a way that n 0 = 1, and this corresponds to the usual choice of time in conventional cosmology. Hence, we introduce the Hubble parameters H a ≡ȧ/a and H c ≡ċ/c for the two scale factors on the brane at y = 0.
Here, it is assumed that the matter on the brane is isotropic and radiation is dominated, it means that p 1 = p * 1 and ρ 1 = (D + 3)p 1 . Then, the energy conservation equation on the brane at y = 0 is obtained by using Eqn. (20),
furthermore, the cosmological evolution equation on the brane at y = 0 becomeṡ
The solution to the brane at y = L can be obtained by same procedures as mentioned above.
In the framework of higher dimensional cosmology, it is expected that the scale factor of 4-dimensional spacetime is expanding while one of extra D-dimensional space is toward to the contraction as cosmology time increase. Moreover, to induce inflation on the brane, it is necessary to add the action of a scalar field. In this paper, however, we do not describe the inflationary cosmology or the evolution of Universe beyond the scope of this paper.
Static solutions
We can obtain the static Randall-Sundrum-type solution by setting density and pressure of matter to zero. Note that functions n, a, c have time-independence and preserving Poincaré invariant in (1 + 3)-dimensions in the metric
where b 0 is constant, it is expected that the size in y-direction compactified on orbifold is stabilized via some mechanism. We consider that 4-dimensional warped metric a(y) is generally different from extra D-dimensional c(y). Following from Eqn. (12) to (15), the Einstein equations in bulk are given by
Here we can derive the solution to 5-dimensional classical Einstein equation to be the Randall-Sundrum model. Setting to D = 0 and neglecting the Eqn.(27) coming from the (a, a) component for extra D-dimensions, the above equations are given by
For Λ < 0, imposing S 1 /Z 2 orbifold symmetry, the solution is of the form
where
From Eqn. (19), the jump conditions of a(y) at y = 0 and y = L lead to
where the sign of upper and lower corresponds to the sign in Eqn.(30), respectively. Thus, cosmological constants (tension) V 1 , V 2 on the brane at y = 0 and y = L have the opposite sign each other. Assuming that V 2 is a negative cosmological constant, the ansatz metric is given by
where g µν = diag(+, −, −, −). Using this warped metric, Randall and Sundrum proposed an alternative solution to the hierarchy problem. This solution appeals to the possibility of a curved extra dimension limited by two branes with positive and negative tensions. Further, the resolution of the hierarchy problem is possible only in the case where the observable brane at y = L is the one with the negative tension. This model insists that the origin of hierarchy comes from the geometry of extra dimension. We are interested in the solutions of Randall-Sundrum model embedding in (5 + D)dimensions with an orbifold compactification. The feature of this setup is that the warped metric a(y) of 4-dimensional spacetime is generally different from the one c(y) of extra Ddimensional space. In order to solve the differential equations for a(y) and c(y), we can rewrite the three Eqns.(26), (27) and (28) after some algebra,
To study the behavior of a(y) and c(y), let us consider three cases of negative, positive and zero for Λ separately.
The solutions for Λ < 0
In this case, in order to obtain the solution, we perform the changes of variables which allow the exact solution of the equations and define A(y) and C(y) by a(y) = e A(y) , c(y) = e C(y) .
Further, defining the parameter ω ≡ 2κ 2 b 2 0 , substituting this and Eqn.(37) into three Eqns.(34), (35) and (36) and we obtain
We introduce the new variable Y as follows
where this replacement of variable is similar to procedure of seeking Kasner solution with time-dependent for higher dimensional cosmology in Ref. [3] . We get
where the above equations are unchanged when lower or upper sign including in Eqn. (39) is taken in either case. Hence, we can immediately write the integral of Eqn.(41)
where P 1 and P 2 are integration constants. To solve the differential equation of Eqn.(40), we define the new variable [3] 
and Eqn.(40) is expressed as
Integrating this equation, we obtain
where P 3 is integration constant. On the other hand, P 3 is determined by P 1 because substituting Eqn.(43) into Eqn.(45) and e Z can be eliminated by using Eqn.(40). We have
therefore,
Hence, since P 1 and P 2 are determined by initial condition, these are unknown parameters at this stage. The value is expected to be determined via some dynamics of underlying physics. Below, it is pointed out that whether P 1 is nonvanishing or vanishing gives the different solutions. First, we consider the case of P 1 = 0. Eqn.(47) can be solved as
and using Eqns. (42) and (43), we get
.
(49)
Changing the variable Y into y, Eqn.(39) becomes
Integrating this, and the relation Y between y is expressed as
where y 0 is integration constant. The argument in hyperbolic cotangent is defined so as that the upper sign in Eqn.(51) is taken. Substituting Eqn.(51) into Eqn. (49), the functions a and c are described in terms of y
where a and c are imposed Z 2 symmetry, y ∼ −y. From Eqn.(19), the jump conditions at y = 0 lead to 2 |λ|
where we define
Furthermore, the jump conditions at y = L are given by 2 |λ|
From Eqns. (53) and (55), the cosmological constants on the brane at y = 0 and y = L are expressed as
From above equations, integration constant y 0 is expressed as
The sign of y 0 depends on the sign of difference between V 1 and V * 1 . If V 1 > V * 1 , y 0 becomes negative, and Eqn.(52) leads conclusion that a(y) has singularity point as long as D = 1. To avoid this singularity over |y| ≤ L, −y 0 > L.
From the above equation, the cosmological constants V 2 , V * 2 on the observable brane at y = L can be described in terms of V 1 , V * 1 on the hidden brane at y = 0. The ratio V 1 /V * 1 and V 2 /V * 2 cannot be unity as long as D is positive integer. Thus, anisotropic cosmological constant on brane can be realized in this setup, and each cosmological constant is strongly related due to the presence of two branes. Taking L ≫ y 0 limit in infinite orbifold extra dimension where observable brane is infinitely fixed far away from origin [6] , the ratio V 2 to V * 2 on the observable brane become
V 2 and V * 2 have opposite sign each other and the magnitude of ratio depends on the number of extra D-dimensions.
Next, we consider the case of P 1 = 0. There exists the solution to the different equation Eqn.(47) by taking account for negative cosmological constant. We can integrate it and the form is expressed as
Using Eqns. (42) and (43),
Eqn.(39) lead to the relation between Y and y as follows
where Y 0 is integration constant. Thus the a and c are described in terms of y
imposing Z 2 symmetry. Hence the sing of upper and lower correspond to the sign in Eqn.(61), and both a and c are normalized to be unity at y = 0. The jump conditions of y = 0 and y = L lead to
then, the cosmological constants on the brane are given by
In this case, a(y) is equal to c(y), and the isotropic cosmological constant on each brane is automatically guaranteed. Supposed that the cosmological constants on the observable brane at y = L are negative, this corresponds to the lower sign in Eqn.(64). Subsequently, warped factor become the exponential damping factor since the lower sign (negative) in Eqn. (62) is selected. This situation is similar to the five dimensional Randall-Sundrum solution. Likewise Randall-Sundrum scenario, the hierarchy between physical mass scale m hid on hidden brane at y = 0 and m obs on observable brane at y = L can be generated from warped metric. The case of negative bulk cosmological constant have different solutions whether integration constant P 1 is nonzero or zero. If P 1 = 0, warped metric a(y) and c(y) have the form of differently hyperbolic function, and if P 1 = 0, both warped metric has the same form of exponential damping factor on condition that the observable brane has negative cosmological constant. Furthermore, whether the cosmological constant in the brane fixed on orbifold is isotropic or anisotropic depends on the value of P 1 . Thus, P 1 controls the solution to the Einstein equation in bulk and it is expected that P 1 is determined by initial configuration of brane world in this setup. Hence it is assumed that the dynamical mechanism of fixing the value of P 1 is unknown.
The solutions for Λ > 0
In the case where bulk cosmological constant Λ is positive, from Eqn.(47), the value of P 1 must be nonzero. Solving this equation, we obtain
In similar to Eqn.(49), we get
Following Eqn.(39),
where y 1 is integration constant, and the argument in tangent is defined so as that the positive sign in Eqn.(67) is taken. By imposing orbifold symmetry, we obtain
where λ is defined by Eqn.(54) . The cosmological constants on the brane are given by
Using the above equations, integration constant y 1 is expressed as 
Similar to the case of negative bulk cosmological constant, anisotropic cosmological constant on the brane can be realized. The obtained warped metric have the different form of trigonometric functions.
The solutions for Λ = 0
We describe the case Λ = 0. This is closely similar to the Kasner solution to be higher dimensional cosmology. We take the power-low form by taking account for orbifold symmetry,
where a and c are normalized to be unity at y = 0, and y 2 is constant to be determined later.
Substituting the above equations into the Einstein equations in bulk, we obtain two equations for the exponents
Solving the constraint equations for the exponents, and k and l are given by
Here, whether the lower or upper sign including in Eqn. (74) is undetermined at this stage. From Eqn.(19) , the jump conditions of a and c at y = 0 yield 2k
furthermore, jump conditions of y = L are given by
Using above equations, the cosmological constants on the brane are
Following the constraint on exponents in Eqn.(73), integration constant y 2 becomes
Subsequently, the ratio V 1 /V * 1 and V 2 /V * 2 on each brane cannot be unity for arbitrary positive D, namely, the cosmological constant on the brane becomes anisotropy. Taking L ≫ y 2 limit to be infinitely fixed observable brane at y = L, both V 2 and V * 2 approaches zero cosmological constant. Moreover, if extra D-dimensional space has infinite dimension, taking the limit of D → ∞, k → ±1/2 and l → 0, and the ratio becomes
Thus, V 1 and V * 1 have same sign each other, and V 2 and V * 2 also do. The obtained warped metric have the different form of power-low whose exponents are governed by constraints as Kasner solution of higher dimensional cosmology. Furthermore, zero bulk cosmological constant with an orbifold infinite dimension leads to the vanishing cosmological constant on the observable brane.
Summary and Discussion
We study the warped metric in (5 + D)-dimensional Einstein equation with an orbifold dimension S 1 /Z 2 , where two (3 + D)-branes are fixed on y-direction in orbifold compactification, the hidden brane at y = 0 and the observable brane at y = L. It is assumed that the energy-momentum tensor on the brane have anisotropic cosmological constant, also anisotropic density and pressure of matter. With ansatz metric in this paper, the warped metric a(y) of 4-dimensions is generally different from one c(y) of D-dimensions.
For negative bulk cosmological constant, whether constant of integration P 1 in differential equation coming from Einstein equation is non-zero or zero controls the form of a(y) and c(y) to be solved. If P 1 = 0, a(y) and c(y) have the different form of hyperbolic function, and we pointed out that anisotropic cosmological constant on each brane fixed can be realized. If P 1 = 0, a(y) and c(y) have the same form of exponential factor and isotropic cosmological constant on each brane fixed can be realized. Provided that observable brane has negative cosmological constant, the obtained warped metric is similar to 5-dimensional Randall-Sundrum solution. For positive bulk cosmological constant, constant of integration P 1 must be nonzero. The obtained a(y) and c(y) have the different form of trigonometric function, and cosmological constant on each brane become anisotropy. On the other hand, zero bulk cosmological constant leads that a(y) and c(y) have the different form of power-low whose exponents are constrained, and anisotropic cosmological constant on each brane can be realized.
As mentioned above, the dynamics of differential equation depends on constant of integration P 1 , which is determined by initial condition. The mechanism of fixing the value of P 1 is unknown, however, it is expected that this is determined via dynamics of underlying physics, namely, initial configuration of brane world. In section 2, although we derived the cosmological evolution equation on the brane embedding in (5 + D) dimensions with warped metric, we do not discuss it in detail in this paper. We are going to study the cosmology in this setup. Moreover, it is necessary to explore the massless gravitational fluctuations about our classical solution obtained here, and study the stabilization mechanism for compactification. Finally, we expect that this setup may be connected to the D-brane configuration in framework of superstring.
